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Characterizing criticality in quantum many-body systems of dimension ≥ 2 is one of the most important
challenges of the contemporary physics. In principle, there is no generally valid theoretical method that could
solve this problem. In this work, we propose an efficient approach to identify the criticality of quantum systems
in higher dimensions. Departing from the analysis of the numerical renormalization group flows, we build a
general equivalence between the higher-dimensional ground state and a one-dimensional (1D) quantum state
defined in the imaginary time direction in terms of the so-called time matrix product state (tMPS). We show that
the criticality of the targeted model can be faithfully identified by the tMPS, using the mature scaling schemes
of correlation length and entanglement entropy in 1D quantum theories. We benchmark our proposal with the
results obtained for the Heisenberg anti-ferromagnet on honeycomb lattice. We demonstrate critical scaling
relation of the tMPS for the gapless case, and a trivial scaling for the gapped case with spatial anisotropy.
The critical scaling behaviors are insensitive to the system size, suggesting the criticality can be identified
in small systems. Our tMPS scheme for critical scaling shows clearly that the spin-1/2 kagome´ Heisenberg
antiferromagnet has a gapless ground state. More generally, the present study indicates that the 1D conformal
field theories in imaginary time provide a very useful tool to characterize the criticality of higher dimensional
quantum systems.
PACS numbers: 05.10.Cc, 75.10.Jm, 75.10.Kt, 75.60.Ej
Introduction—. The characterization of phases of matter
and phase transition belongs to the most fundamental prob-
lems in physics. This problem is particularly challenging for
the phases, for which the Landau-Ginzburg paradigm fails.
Such phases possess no local orders or broken spontaneous
symmetries; prominent examples include fractional quantum
Hall states [1], or quantum spin liquids (QSL’s) [2–5]. One
powerful tool that describes such elusive many-body systems
is the conformal field theory (CFT) [6, 7]. Combining CFT
with methods in quantum information science and strongly
correlated systems, the scaling schemes for determining the
conformal features of the critical one-dimensional (1D) quan-
tum systems were proposed [8–12]. A general idea is to con-
nect the entropy of the CFT with the quantum entanglement
[13], as it is done in spin systems. In general, the behaviors of
systems in 1D (and for small systems even in 2D) are studied
by the powerful numerical state ansatz, called matrix product
state (MPS) [14–17].
In 1D, the criticality has been well understood, thanks to
the efficient algorithms such as density matrix renormaliza-
tion group (DMRG) [14, 15], or time evolving block decima-
tion (TEBD)[18, 19]. The criticality of the ground states of 1D
quantummodels can be efficiently determined, and the central
charge can be accurately obtained by the scaling of the corre-
lation length and entanglement entropy, when the ground state
is critical [9].
In higher dimensions, however, due to the lack of CFT and
due to the complexities of numerical approaches, many is-
sues about the criticality are still unsettled. One paradigmatic
model is the spin-1/2 Heisenberg antiferromagnet (HAFM) on
kagome´ lattice: It is still under a very hot debate, whether its
ground state is gapless [20–34], or gapped [35–43]. The exist-
ing methods that are frequently used to identify the criticality
require very high precision of numerical approach to capture,
e.g., the long-range correlations or low-temperature thermo-
dynamics (such as specific heat). These quantities and behav-
iors are very challenging to access with the current numerical
techniques. The scaling schemes in higher dimensions are not
well established. Moreover, it is also unclear, how to capture
a critical state in an efficient state ansatz such as projected
entangled pair state (PEPS) [44]. One alternative method is
the multiscale entanglement renormalization ansatz (MERA)
[45] that introduces an extra dimension of renormalization to
capture the criticality [46–48]; despite many successful appli-
cations, MERA method is still under development.
Recently, the time matrix product state (tMPS) [49] was
proposed in infinite 1D quantum lattice models with trans-
lational invariance. Using the Trotter-Suzuki decomposition
[50, 51], the 1D quantum model is mapped onto a two-
dimensional (2D) tensor network (TN), where the tMPS is
defined as a 1D state along the imaginary time. The physi-
cal properties of the ground state can be accurately obtained
from the tMPS. In particular in the gapless case, the tMPS ex-
hibits the critical features such as a logarithmic correction to
area law of the entanglement entropy, an algebraic scaling of
the correlation length, and a central charge that characterizes
the criticality.
In this work, we generalize the tMPS to (D > 1)–
dimensional quantum systems with the help of numerical
renormalization group (NRG) flows, and show that the crit-
icality can be accurately identified by the tMPS. Since the
tMPS is always 1D regardless of the dimensions of the model,
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the idea is to use the scaling theories for 1D critical quantum
states to characterize the criticality of higher-dimensional sys-
tems through the tMPS. With the effective basis defined by the
NRG flows, we build the equivalence between the tMPS and
the ground state for the correlation length and entanglement,
providing a mathematical framework to understand the con-
nections between these two states.
We test our scheme on the isotropic HAFM on honeycomb
lattice whose ground state is believed to be gapless [52]. The
tMPS exhibits the critical scaling behaviors of the 1D quan-
tum states, giving a logarithmic relation between the entangle-
ment entropy and correlation length [8, 9]. Our results show
that the criticality that appears in the thermodynamic limit can
be faithfully captured by the tMPS on the systems of moder-
ate small sizes. This is in contrast to the existing methods for
higher-dimensional systems, which suffer from strong finite-
size effects. We apply then our scheme to the spin-1/2 HAFM
on kagome´ lattice, showing that the ground state is a gapless
QSL.
Numerical renormalization group flow.— To present our
theory, we consider a 1D N-site system with the periodic
boundary condition. The Hamiltonian is Hˆ =
∑
n Hˆ
[n,n+r],
where Hˆ[n,n+r] gives the two-body interactions with r the cou-
pling distance. Note that most of the arguments below can
be directly applied to any models of finite sizes in (D ≥ 1)
dimensions without substantial changes.
When N is large, exact solution the ground state is essen-
tially impossible, since the Hilbert space increases exponen-
tially with the system size. Luckily, for many models under
interests, the low-energy states satisfy the so-called area law
of entanglement entropy [53], and the valid Hilbert space only
lies in a very small corner of the full space of many body
states. In this case, the many-body system can be faithfully
described by an effective model defined only in the relevant
Hilbert space.
Using the NRG based schemes, e.g., DMRG [14, 15], such
a finite model is described by an effective Hamiltonian under
the NRG flows towards a certain (say, the n-th) site (Fig. 1).
The effective Hamiltonian can be formally written as
Hˆ
e f f
a′na
′
n+1
anan+1
= 〈ψˇLa′n | ⊗ 〈ψˇ
R
a′
n+1
|e−τHˆ |ψˇLan〉 ⊗ |ψˇ
R
an+1
〉. (1)
|ψˇLan〉 (and |ψˇ
R
an+1
〉) represents the NRG flow that renormalizes
the Hilbert space of the sites on the left (and right) side of the
site n, to an effective space denoted by an (and an+1). Utilizing
the MPS representation, |ψˇL
j
〉 can be written as
|ψˇLan〉 =
∑
s1···sn−1
∑
a1···an−1
A[1]s1,a1a2 · · · A
[n−1]
sn−1,an−1an
|s1 · · · sn−1〉, (2)
|ψˇRan+1〉 =
∑
sn+1···sN
∑
an+2 ···aN+1
B[n+1]sn+1,an+1an+2 · · · B
[N]
sN ,aNaN+1
|sn+1 · · · sN〉, .
(3)
with |sn〉 representing the local basis of the n-th site. A
[n] and
B[m] are (d×χ×χ) tensors defined on the corresponding sites.
Here d is the dimension of a physical site, while χ is the di-
mension cut-off of the virtual indices {an}, which characterizes
the maximum of the entanglement that the NGR flows can
carry. We take the dimensions of a1 and aN+1 equal to one,
since the NRG flows |ψˇLan〉 and |ψˇ
R
an+1
〉 start from the 1st and
the N-th sites, respectively. To define the NRG flows, these
tensors satisfy the following orthogonal conditions
∑
snan
A
[n]∗
sn,ana
′
n+1
A[n]sn,anan+1 = Ia′n+1an+1 , (4)
∑
smam+1
B
[m]∗
sm,a
′
mam+1
B[m]sm,amam+1 = Ia
′
mam . (5)
Here, we choose the exponential form e−τHˆ to define the
effective Hamiltonian so that we can apply the Trotter-Suzuki
scheme, where τ is a positive small number called Trotter-
Suzuki step. In our calculations τ is as small as 10−6, and
e−τHˆ is approximated by I − τHˆ for a higher efficiency with
DMRG.
The tensors in Eqs. (2) and (3) can be optimally determined
using the DMRG algorithm. One may refer to Refs. [14 and
15] for more details. The ground state |ψ〉 is then given by an
MPS that reads
|ψ〉 =
∑
anan+1
|ψˇLan〉|Ψ
[n]
anan+1
〉|ψˇRan+1 〉, (6)
where |Ψ
[n]
anan+1 〉 =
∑
sn
Ψ
[n]
sn,anan+1 |sn〉 is the “ground state” of the
effective Hamiltonian in Eq. (1). We shall stress that the NRG
flow is considered here to be concept independent of the al-
gorithms, in particular, it could be obtained by methods other
than DMRG. Our scheme is applicable to models of a finite
size, but of an arbitrary dimension, as long as the NRG flows
accurately capture the valid Hilbert space.
3Time matrix product state in finite density matrix renormal-
ization group.— It has been shown [49, 54] that in an infinite
1D system, when the DMRG defines the NRG flows in the real
space, tMPS appears in the imaginary time direction, and cor-
responds to the infinite time-evolving block decimation proce-
dure [19]. In the following, we show how to define the tMPS
in the DMRG scheme of a finite system in any dimensions.
To this aim, we modify the effective Hamiltonian, so that
the NRG flows meet at the virtual index an. We introduce
the tensor B[n] on the n-th site by the QR decomposition of
|Ψ
[n]
anan+1〉 as
|Ψ[n]anan+1〉 =
∑
bn
(Φanbn
∑
sn
B
[n]
sn,bnan+1
|sn〉). (7)
One can see that B[n] satisfies the orthogonal condition in Eq.
(5). Then, the NRG flow |ψˇRan+1〉 is modified by adding the n-th
site as
|ψˇRbn〉 =
∑
sn···sN
∑
an+1···aN+1
B
[n]
sn,bnan+1
· · · B[N]sN ,aNaN+1 |sn+1 · · · sN〉. (8)
By constructing in a similar way as Eq. (1), the new effec-
tive Hamiltonian satisfies
H
e f f
a′nb
′
n,anbn
= 〈ψˇLa′n | ⊗ 〈ψˇ
R
b′n
|e−τHˆ |ψˇLan〉 ⊗ |ψˇ
R
bn
〉, (9)
which contains no physical indices, and is simply a (χ2 × χ2)
matrix. In fact, the “ground state” of the new effective Hamil-
tonian in Eq. (9) is theΦ in Eq. (7), and the ground state MPS
can be written as
|ψ〉 =
∑
anbn
|ψˇLan〉Φanbn |ψˇ
R
bn
〉. (10)
Compared with Eq. (6), it gives exactly the same state up to a
guage transformation on the index an (or bn).
Let us decompose He f f symmetrically as
H
e f f
a′nb
′
n,anbn
=
∑
cm
V∗cm,a′nanVcm,b
′
nbn . (11)
Here we assume such a decomposition exists, especially when
the system has reflection symmetry of the canonical center.
With the periodic boundary condition of the system, any site
can be taken as the canonical center. The tMPS in our case is
formed by infinite number of the copies of V along the imagi-
nary time direction as
∑
{a}
· · ·Vcm,amam+1Vcm+1,am+1am+2 · · · . (12)
In the tMPS, {c} play the role of the “physical” indices, and
{a} the virtual indices. See more details in the Appendix or
Ref. [49].
Equivalence of correlation length and entanglement in the
renormalized basis.— Below, we show the equivalence of cor-
relation length and entanglement between the ground state and
the tMPS. Since the tMPS is a 1D quantum state and can in
principle be studied by 1D quantum theories such as CFT, this
equivalence provides us a theoretical ground to identify the
criticality of higher-dimensional quantum models. The equiv-
alence is based on the fact that Eq. (11) is both the effective
Hamiltonian (in the exponential form) and the transfer matrix
of the tMPS (shown in the Appendix).
Since the tMPS is translational invariant, its correlation
length ξT is given as ξT =
1
ln e0−ln e1
, where e0 and e1 are the two
leading eigenvalues of the transfer matrix of the tMPS. Mean-
while, the gap of the effective Hamiltonian gives the dynamic
correlation length of the ground state. Thus, the correlation
length is exactly the dynamic correlation length of the ground
state in the renormalized basis.
For an infinite translational-invariant MPS, the entangle-
ment spectrum Λ can be obtained by canonicalization [55].
The guage transformation is obtained by the dominant eigen-
state Φ of the transfer matrix, which is again the effective
Hamiltonian in Eq. (9). Since in DMRG, the effective Hamil-
tonian is Hermitian, the entanglement spectrum of the tMPS in
this case is exactly the singular value spectrum of Φ obtained
by the singular value decompositionΦanbn =
∑
α UanαΛαD
∗
bnα
.
On the other hand, one can easily see from Eq. (10) that this
singular value spectrum is the entanglement spectrum of the
ground state due to the orthogonal conditions in Eqs. (4) and
(5). Thus, the entanglement spectrum of the ground state in
the renormalized basis is equivalent to that of the tMPS.
We shall stress that the equivalence is based on how accu-
rate the NRG flows can capture the valid Hilbert space. An-
other requirement is the existence of the symmetrical decom-
position of the effective Hamiltonian [Eq. (11)]. Our simula-
tions imply that even if these requirements are not strictly sat-
isfied (e.g., with limited truncation errors or a slight breaking
of the reflection symmetry), the correlation length and entan-
glement entropy of the tMPS still accurately give the proper-
ties of the ground state.
Results and discussions.—We test our scheme on the spin-
1/2 HAFM on an anisotropic honeycomb lattice. The Hamil-
tonian reads
Hˆ = J
∑
<i j>
Sˆ iSˆ j + J
′
∑
<lm>
Sˆ lSˆm, (13)
where J and J′ are the coupling constants of different direc-
tions as shown in the inset of Fig. 2(c). For J/J′ < Jc with
Jc = 0.5(4), the ground state is a gapped dimerized state,
while for Jc < J/J′ ≤ 1 it is a gapless semiclassical Ne´el
state [56].
We choose a finite lattice of the size (L1~a1, L2~a2) with the
periodic boundary condition (hereinafter abbreviated as L1 ×
L2 torus), where ~a1 and ~a2 are the basis vectors shown in the
inset of Fig. 2(c). We set J/J′ = 0.1 and J/J′ = 1 to show
two different scaling behaviors (non-critical and critical) of
the tMPS. Note that to remove as much as possible the effects
brought by the deviation of the symmetrical requirement [Eq.
(11)], we calculate the quantities (entanglement entropy and
correlation length) at every site and then take the average.
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FIG. 2. (Color online) The ground state scaling of (a) temporal en-
tanglement entropy S T in the semi-log plot and (b) correlation length
ξT in the log-log plot of the spin-1/2 anisotropic HAFM on honey-
comb lattice. The x-axis scales the dimension cut-off χ in DMRG.
(c) The S T -ln(ξT ) scaling. Inset: honeycomb lattice on 4 × 4 torus.
The red shaded part is the unit cell with ~a1 and ~a2 the basis vectors.
J and J′ are the coupling constants.
As shown in Fig. 2, two significantly different behaviors of
the entanglement entropy S T and the correlation length ξT are
found versus the dimension cut-off χ of the tMPS. Note S T is
defined as S T = −
∑
jΛ
2
j
lnΛ2
j
. On the one hand, for J/J′ =
0.1, S T and ξT saturate to a small value when χ increases.
This coincides with the properties of a gapped 1D state, whose
entanglement entropy and correlation length are finite.
On the other hand, for the isotropic point J/J′ = 1 where
the ground state is critical, S T and ξT increase along with in-
creasing χ, in contrast to the gapped case. By fitting, we find
that S T gives a logarithmic relation and ξT exhibits an alge-
braic law with χ as
S T = α ln χ + const., ξT ∝ χ
κ. (14)
These are exactly the relations predicted by the (1 + 1)-
dimensional CFT for critical 1D states [8, 9]. Our results sug-
gest that the criticality of the ground state is faithfully given
by the tMPS.
We also calculate the systems of different sizes at the
isotropic point, where the scaling relations of ξT and S T
against χ appears robustly as the signatures of the criticality.
The exponents κ and the coefficients α change with the size.
By substitution, the scaling relation between S T and ξT [Fig.
2 (c)] satisfies
S T = cT ln ξT + δ. (15)
The factor cT = α/κ is analog to the central charge, with
cT ≈ 0.8 for the sizes of 4×4 torus and 5×5 torus, and cT ≈ 1.1
for 6× 6 torus. The dependence of cT on different sizes might
be caused by errors. Though the size-dependence of cT brings
no harm to our main point which is using the scaling behaviors
as signatures of criticality, we do believe it would be interest-
ing and important to investigate whether cT relies on the size,
a→
1a
→
2
FIG. 3. (Color online) The ground state scaling of (a) temporal en-
tanglement entropy S T in the semi-log plot and (b) correlation length
ξT in the log-log plot of the spin-1/2 HAFM on kagome lattice. The
S T -ln(ξT ) scaling is in (c). The Hamiltonian reads Hˆ = J
∑
<i j> Sˆ iSˆ j,
where J is the isotropic coupling constant of the nearest neighbour
spins Sˆ i and Sˆ j. We fix J = 1. The system on 4× 4 torus is shown in
the inset of (c).
and we show some preliminary results in the Appendix. This
task requires more computational power and possibly some
recently developed DMRG techniques, e.g., symmetries, to
improve the efficiency.
We then apply the tMPS scaling method to study the ground
state of the spin-1/2 HAFM on kagome´ lattice. As shown in
Fig. 3, the logarithmic relation between S T and χ and the alge-
braic relation between ξT and χ are clearly observed. Our re-
sults are consistent with the experimental researches and some
theoretical works where a gapless QSL is claimed [20–34],
and are against the results that predict a gappedZ2 spin liquid
[35–43].
The advantage of our scheme is that the tMPS can faithfully
give the criticality of 2D quantum systems even when the size
is moderately small. This means that the dynamical correla-
tions rely much less on the size than the spatial correlations.
Our work also implies the existence of the 1D CFT in imag-
inary time as an alternative way to characterize the classes
of 2D criticalities, being different from the Landau-Ginzburg
paradigmwith the critical exponents. Surely, more theoretical
and numerical investigations are needed in the future.
Conclusion.— In this work, we propose an approach that
can capture accurately the criticality of a many-body quan-
tum system in two dimensions faithfully within small sys-
tem sizes by introducing the tMPS, and utilizing the 2D NRG
flow. We show the equivalence between the spatial MPS and
tMPS in terms of correlation length and entanglement. We
benchmark the scheme by calculating the entanglement en-
tropy S T and correlation length ξT of the spin-1/2 HAFM
on honeycomb lattice; our results show that the isotropic and
anisotropic cases obey quite distinct laws. For the former, S T
has a logarithmic relation with the dimension cut-off χ, while
5ξT bears an algebraic decay law; for the latter, S T and ξT satu-
rate to a small value with increasing χ, respectively. We apply
the same approach also to the spin-1/2 frustrated Heisenberg
quantum antiferromagnet on kagome´ lattice, and find that its
ground state is gapless. The present study provides an efficient
way in exploring the critical phenomena of quantum systems
in two or even higher dimensions.
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Appendix
Numerical renormalization flows and time matrix product
states in the language of tensor network
Time matrix product state (tMPS) is a continuous matrix
product state (MPS) along the imaginary time direction. In
this section, we will explain in detail how to define the tMPS
in a finite-size model using the language of tensor network
(TN). This definition is applicable to the quantum systems in
any dimensions. Most of the contents here are rephrasing and
generalization of the work in Ref. [49].
Let us take the 1D system of N sites with the Hamiltonian
Hˆ =
∑
n Hˆ
[n,n+r] as an example. Hˆ[n,n+r] gives the two-body
interactions with r the coupling distance. The ground state of
the system can be represented in the form of MPS. The bene-
fit of MPS is obvious: firstly, the parameter space needed for
the ground state can be reduced from an exponential growth
to polynomial as the system grows. Secondly, by introducing
the canonicalization form, we can perform local operations
without changing the irrelevant parts, thus saving consider-
able calculations. The variational ground state can be reached
through various schemes, for example, to implement imagi-
nary time evolution on a randomly initialized MPS to mini-
mize the ground state energy as
min〈ψ|Hˆ|ψ〉⇋ lim
β→∞
〈ψ|e−βHˆ |ψ〉, (A1)
where β is the inverse of temperature. Practically, this pro-
cedure has to be equipped with Trotter-Suzuki decomposition
because of the non-commuting two-body terms in the Hamil-
tonian Hˆ. The right hand side of Eq.(A1) can be expressed
utilizing the ground state MPS denoted in Eq. (10) as
〈ψ|e−βHˆ |ψ〉 =
∑
a′nb
′
nanbn
〈ψˇLan |Φa′nb′n〈ψˇ
R
bn
|e−NτHˆ |ψˇLan〉Φanbn |ψˇ
R
bn
〉,
(A2)
where τ is a small number, and N needs to be extremely large
so that β = Nτ approaches to infinity.
The graphical representation of Eq.(A2) is shown in Figs.
A1(a) and (b). The ground state MPS is canonicalized for
the canonical center Φ that carries the bipartite entanglement
spectrum of the ground state. The dimensions of an and bn are
limited by the dimension cut-off χ. The orthogonal conditions
of the left and right NRG flows reads
〈ψˇLa′n |ψˇ
L
an
〉 = Ia′nan , (A3)
〈ψˇRb′n |ψˇ
R
bn
〉 = Ib′nbn . (A4)
By inserting (near) unitary transformation
∑
anbn
|ψˇLan〉〈ψˇ
L
an
|⊗
|ψˇR
bn
〉〈ψˇR
bn
| between the Trotter slices as shown in Fig.
A1(c), we will not change the ground state spectrum. On
the other hand, we find a series of effective Hamilto-
nian {H
e f f
a
[ j]
n b
[ j]
n a
[ j−1]
n b
[ j−1]
n
| j ∈ [1,N]} according to the defini-
tion in Eq. (9). Note that all the physical dimensions
are fused into either the left or the right NRG flow. If
the decomposition in Eq. (11) exists (e.g., by perform-
ing the singular value decomposition), we can define the
tMPS’s
∑
b′nbn
|tMPS b′nbn〉 and
∑
a′nan
〈tMPS a′nan |, respectively,
constructed by the local tensors V and its conjugate along
the imaginary time direction (Figs. A1(d) and (e)). Thus
the effective Hamiltonian performs like the transfer matrix of∑
a′nb
′
nanbn
〈tMPS a′nan |tMPS b′nbn〉. Finally, we can view the mini-
mization problem from another angle, which is min〈ψ|Hˆ|ψ〉⇋
min
∑
a′nb
′
nanbn
〈tMPS a′nan |Φ
∗
a′nb
′
n
Φanbn |tMPS b′nbn〉. It is only true
when Φ is the dominant eigenvector of the transfer matrix of
the inner product of tMPS (Fig. A1 (e)).
We can see from above that the relationship between the
imaginary time and space is inseparable. As explained in the
main text, the bipartite entanglement spectrum of spatial MPS
gives the temporal entanglement entropy S T of tMPS, and the
inverse of the logarithmic gap of the transfer matrix is corre-
lation length ξT .
The last but not the least, in Trotter-Suzuki scheme, one has
to eliminate the Trotter error with infinitely small τ. However,
it is unrealistic to do so. Fortunately, both S T and ξT converge
in pace with decreasing Trotter-Suzuki steps (shown in Fig.
A2). This result tells us that we can choose a relatively small
τ, for example τ = 1 × 10−6 in our calculations.
Density matrix renormalization group algorithm on
two-dimensional lattices
DMRG is a powerful tool of solving the ground state prob-
lem in 1D quantum strongly correlated systems. However in
2D, there exists systematic difficulties for DMRG in captur-
ing the valid sub-space, i.e., to define 1D NRG flows for 2D
states. The most common way is to choose a particular path
on a 2D lattice. Thus the 2D system is transformed into a 1D
model. It is inevitable that some nearest neighbor interactions
become long-range ones in this procedure. As a consequence,
one can only use DMRG in a lattice of finite size. For this
reason, the scaling in the spatial direction is extremely chal-
lenging, including the scaling of the ground-state correlations
and entanglement.
In the present work, we use DMRG to investigate the
Heisenberg antiferrromagnet (HAFM) on honeycomb lattice
and kagome´ lattice. We take the block of honeycomb lattice
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FIG. A1. (Color online) (a) The tensor network representation of 〈ψ|e−βHˆ |ψ〉. The yellow squares are the local tensors of the MPS. Φ is the
canonical center which carries the entanglement spectrum. The red rectangle is the matrix product operator (MPO) representation of e−βHˆ
with β the inverse temperature. (b) The Trotter-Suzuki decomposition of e−βHˆ . (c) Unitary transformation (blue shaded region) of the tensor
network in (b). (d) Decomposition of the effective Hamiltonian H
e f f
a
[ j]
n b
[ j]
n a
[ j−1]
n b
[ j−1]
n
. The green shaded regions are the local tensor V∗
c,a
[ j]
n a
[ j−1]
n
of
∑
a′nan
〈tMPS a′nan | and local tensor Vc,b[ j]n b
[ j−1]
n
of
∑
b′nbn
|tMPS b′nbn 〉, respectively. (e) Reconstruction of the tensor network in (a) with tMPS. (f)
The dynamic correlation function 〈Sˆ βSˆ β+∆β〉 in the form tensor work. The blue circles are the spin operators Sˆ β and Sˆ β+∆β. There are ∆β/τ of
the transfer matrices between the two operators.
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FIG. A2. (Color online) Trotter-Suzuki steps dependence of S T and
ξT . Both of them converge quickly as decreasing the positive small
number τ, indicating that the Trotter error is neglected when τ is
as small as 10−4. The results come from DMRG calculations im-
plemented on the 4 × 4 torus of honeycomb lattice. The dimension
cut-off is fixed as χ = 30.
shown in Fig. A3(a) as an example. Spins are located on
the sites; the interactions are between nearest neighbour spins,
depicted by black lines. The blue shaded parts belong to the
finite size honeycomb lattice. The black lines between differ-
ent shaded parts denote the boundary interactions. In terms
of the unit cell depicted in the inset of Fig. 2(c) in the main
text, one can form a 4 × 4 torus. For convenience, we take the
two spins in each dashed ellipse as one site in the MPS. Then,
the honeycomb lattice virtually becomes a square lattice. We
number the sites in the square lattice along a S-shaped path
TABLE A1. Values of α, κ and cT obtained from fittings for the en-
tanglement entropy S T and the correlation length ξT on honeycomb
lattice. The system sizes are chosen as L × L torus. The fitting func-
tions refer to Eqs. (14) and (15). The dimension cut-off χ ranges
from 10 to 70 in our calculations.
L κ α cT
4 0.6(6) 0.5(3) 0.8(0)
5 0.5(3) 0.4(3) 0.8(0)
6 0.3(8) 0.4(2) 1.0(8)
7 0.2(4) 0.3(1) 1.2(8)
8 0.1(6) 0.4(2) 2.5(5)
(shown in Fig. A3(b)). Thus, there are 16 inequivalent local
tensors in the MPS. It is obvious that some physical nearest
neighbor sites, for example, 1 and 8 are separated apart in the
MPS construction.
As the sites on torus break the translation invariance, we
should calculate the entanglement entropy S T and the correla-
tion length ξT at each virtual index of the ground state to see
if all the sites are equivalent. From the calculated results in
Fig. A4, we identify certain fluctuations of those two quan-
tities, which decrease when reaching the middle of the chain.
In order not to lose generality, we use the average per site of
S T and ξT to do the scaling.
Some results about the size-dependence of α, κ and cT
The size-dependence of the factors α, κ and cT are obtained
by the fitting functions in Eqs. (14) and (15). Here we present
some preliminary results computed from the spin-1/2 HAFM
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FIG. A3. (Color online) (a) 4 × 4 torus of honeycomb lattice. The
sites in blue shaded parts break the translation invariance. Periodic
boundary condition is represented by boundary interactions between
different shaded parts. (b) The equivalent square lattice given by
taking the two spins in the dashed ellipses of (a) as one site in the
MPS. The number sequence marks each site in the S-shaped path.
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FIG. A4. (Color online) The position dependence of S T and ξT . The
horizontal axis denotes the position of the canonical center of MPS.
The dimension cut-off for DMRG calculations is fixed as χ = 30.
on honeycomb lattice of different system sizes, as collected
in Table. A1. According to the present results, it seems that
κ decreases linearly as enlarging L (the system size is L × L
torus), while α converges to a constant, and cT goes up with
increasing the size. Here we would like to mention that within
the dimension cut-off that we can reach by our computing ca-
pacity, it appears that our calculations on large system sizes
are less stable than those on small sizes, implying that more
numerical attempts are needed in the future. Note that even
though the size dependences of the factors are still to be un-
veiled, the scaling behaviors given by Eqs. (14) and (15) are
robust for all sizes we tried.
